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Abstract. In this work, we study a class of rotational surfaces in the pseudo–
Euclidean space E42 whose profile curves lie in two–dimensional planes. We solve the
differential equation that characterizes the rotational surfaces with zero mean curvature
to determine the profile curves of such rotational surfaces. Then, we give some explicit
parametrization of maximal rotational surfaces and the timelike surfaces with zero mean
curvature in E42.
1 Introduction
Minimal surfaces are important in geometry as well as in physics. Minimal surfaces
in real space forms and indefinite space forms have been studied extensively by many
mathematicians. In [8], Moore studied general rotational surfaces in the four dimensional
Euclidean space E4. He proved that if there exists a minimal general rotational surface in
E
4 with equal rates of rotation, then its profile curves lie in 2–planes, and he determined
such minimal surfaces. In [1], some special solutions of the differential equation that
characterizes minimal general rotational surfaces in E4 with profile curves lie in 2–planes
were given. Then, the third author and Turgay obtained the general solution of the
differential equation that characterizes minimal rotational surfaces with different rates of
rotation in E4, [3].
On the other hand, Ganchev and Milousheva used some special invariant to classify
minimal general rotational surfaces in the Euclidean space E4 and the Minkowski space
E
4
1, [4, 6]. They also obtained all timelike surfaces in E
4
1 with zero mean curvature in the
class of rotational surfaces of Moore type, [5]. In [7], the particular solutions of differential
equation related to minimal surfaces in the pseudo–Euclidean space E42 were obtained.
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Recently, Chen studied minimal Lorentz surfaces in arbitrary indefinite space forms. In
[2], he obtained several classification results, in particular, he completely classified all
minimal Lorentz surfaces with arbitrary dimension m and arbitrary index s.
In this paper, we study rotational surfaces in the pseudo–Euclidean space E42 with
profile curves lying in 2–planes. We solve the differential equation that characterizes the
rotational surfaces in E42 with zero mean curvature. Thus, we give examples of maximal
surfaces and Lorentz surfaces with zero mean curvature in E42.
2 Prelimineries
Let Ems be the m–dimensional pseudo–Euclidean space with the canonical metric given
by
g˜ =
m−s∑
i=1
(dxi)
2 −
m∑
i=m−s+1
(dxi)
2,
where (x1, x2, . . . , xm) is a standard rectangular coordinate system in E
m
s .
For a point c ∈ Ems and r > 0, we put
S
m−1
s (c, r) = {x ∈ E
m
s |〈x− c, x− c〉 = r
2},
H
m−1
s−1 (c,−r) = {x ∈ E
m
s |〈x− c, x− c〉 = −r
2},
where 〈, 〉 denotes the indefinite inner product on Ems . S
m−1
s (c, r) and H
m−1
s−1 (c,−r) are
called, respectively, a pseudo–sphere and a pseudo–hyperbolic space. The hyperbolic
space Hm−1(c,−r) is defined by
H
m−1(c,−r) = {x ∈ Em1 |〈x− c, x− c〉 = −r
2, xm > 0}.
If c = 0, then Sm−1s (0, r) and H
m−1
s−1 (0,−r) are denoted by S
m−1
s (r) and H
m−1
s−1 (−r).
A vector v ∈ Ems is called spacelike (resp., timelike) if 〈v, v〉 > 0 or v = 0 (resp.,
〈v, v〉 < 0). A vector v is called lightlike if 〈v, v〉 = 0 and v 6= 0. A submanifold M of Ems
is said to be spacelike if every non–zero tangent vector on M is spacelike and it is said
to be timelike if at least one of non–zero tangent vector on M is timelike.
Let M be an oriented n–dimensional submanifold in the (n+2)–dimensional pseudo–
Euclidean space En+22 . We choose an oriented local orthonormal frame {e1, . . . , en+2} on
M with εA = 〈eA, eA〉 = ±1 such that e1, . . . , en are tangent to M and en+1, en+2 are
normal toM . We use the following convention on the range of indices: 1 ≤ i, j, k, . . . ≤ n,
n+ 1 ≤ r, s, t, . . . ≤ n+ 2.
Let ∇˜ be the Levi–Civita connection of En+22 and ∇ the induced connection on M .
Denote by {ω1, . . . , ωn+2} the dual frame and by {ωAB}, A, B = 1, . . . , n + 2, the con-
nection forms associated to {e1, . . . , en+2}. The formulas of Gauss and Weingarten are
given by, respectively,
∇˜ekei =
n∑
j=1
εjωij(ek)ej +
n+2∑
r=n+1
εrh
r
iker, and ∇˜eker = −Ar(ek) +
n+2∑
s=n+1
εsωrs(ek)es,
2
where hrij is the coefficients of the second fundamental form h, and Ar the Weingarten
map in the direction er.
The mean curvature vector H is defined by H = 1
n
∑
r,i εiεrh
r
iier. A spacelike sub-
manifold M in Ems is called maximal if H vanishes identically.
The Codazzi equation of M in En+22 is given by
hrij,k = h
r
jk,i,
hrjk,i = ei(h
r
jk) +
n+2∑
s=n+1
εsh
s
jkωsr(ei)−
n∑
ℓ=1
εℓ
(
ωjℓ(ei)h
r
ℓk + ωkℓ(ei)h
r
ℓj
)
.
(1)
2.1 Rotational surfaces in E
4
2
Let M1(b) and M2(b) be rotational surfaces in the pseudo–Euclidean space E
4
2 whose
profile curves lie in 2–planes. We can choose a profile curve α of M1(b) in the yw–
plane as α(u) = (0, y(u), 0, w(u)), defined on an open interval I ⊂ R, and thus the
parametrization of M1(b) is given by
(2) M1(b) : r1(u, v) = (w(u) sinh v, y(u) cosh(bv), y(u) sinh(bv), w(u) cosh v),
for some constant b > 0, where u ∈ I and v ∈ R.
We consider the following orthonormal moving frame field {e1, e2, e3, e4} on M1(b)
such that e1, e2 are tangent to M1(b), and e3, e4 are normal to M1(b):
e1 =
1
q
∂
∂v
, e2 =
1
A
∂
∂u
,(3)
e3 =
1
A
(y′(u) sinh v, w′(u) cosh(bv), w′(u) sinh(bv), y′(u) cosh v),(4)
e4 = −
εε∗
q
(by(u) cosh v, w(u) sinh(bv), w(u) cosh(bv), by(u) sinh v),(5)
where A =
√
ε(y′2(u)− w′2(u)) 6= 0, q =
√
ε∗(w2(u)− b2y2(u)) 6= 0, and ε = sgn(y′2(u)− w′2(u)),
ε∗ = sgn(w2(u)− b2y2(u)). Then, ε1 = −ε4 = ε
∗, ε2 = −ε3 = ε.
By a direct calculation, we have the components of the second fundamental form and
the connection forms as follows
h311 =
1
Aq2
(b2y(u)w′(u)− w(u)y′(u)), h322 =
1
A3
(w′(u)y′′(u)− y′(u)w′′(u)),(6)
h412 =
εε∗b
Aq2
(w(u)y′(u)− y(u)w′(u)), h312 = h
4
11 = h
4
22 = 0,(7)
ω12(e1) =
1
Aq2
(b2y(u)y′(u)− w(u)w′(u)), ω12(e2) = 0,(8)
ω34(e1) =
εε∗b
Aq2
(w(u)w′(u)− y(u)y′(u)), ω34(e2) = 0.(9)
We can choose a profile curve β of M2(b) in the xz–plane as β(u) = (x(u), 0, z(u), 0)
defined on an open interval I ⊂ R, and thus the parametrization of M2(b) is given by
(10) M2(b) : r2(u, v) = (x(u) cos v, x(u) sin v, z(u) cos(bv), z(u) sin(bv))
3
for some constant b > 0, where u ∈ I and v ∈ (0, 2pi).
We consider the following orthonormal moving frame field {e1, e2, e3, e4} on M2(b)
such that e1, e2 are tangent to M2(b), and e3, e4 are normal to M2(b):
e1 =
1
q¯
∂
∂v
, e2 =
1
A¯
∂
∂u
,(11)
e3 =
1
A¯
(z′(u) cos v, z′(u) sin v, x′(u) cos(bv), x′(u) sin(bv)),(12)
e4 = −
εε∗
q¯
(bz(u) sin v,−bz(u) cos v, x(u) sin(bv),−x(u) cos(bv)),(13)
where A¯ =
√
ε(x′2(u)− z′2(u)) 6= 0, q¯ =
√
ε∗(x2(u)− b2z2(u)) 6= 0, and ε = sgn(x′2(u)− z′2(u)),
ε∗ = sgn(x2(u)− b2z2(u)). Then, ε1 = −ε4 = ε
∗, ε2 = −ε3 = ε.
By a direct computation, we have the components of the second fundamental form
and the connection forms as follows
h311 =
1
A¯q¯2
(b2z(u)x′(u)− x(u)z′(u)), h322 =
1
A¯3
(z′(u)x′′(u)− x′(u)z′′(u)),(14)
h412 =
εε∗b
A¯q¯2
(z(u)x′(u)− x(u)z′(u)), h312 = h
4
11 = h
4
22 = 0,(15)
ω12(e1) =
1
A¯q¯2
(b2z(u)z′(u)− x(u)x′(u)), ω12(e2) = 0,(16)
ω34(e1) =
εε∗b
A¯q¯2
(z(u)z′(u)− x(u)x′(u)), ω34(e2) = 0.(17)
Therefore, we have the mean curvature vector for the rotational surfacesM1(b) andM2(b)
as follows
H = −
1
2
(εε∗h311 + h
3
22)e3.(18)
On the other hand, by using the Codazzi equation (1) we obtain
e2(h
3
11) = ε
∗h412ω34(e1) + ω12(e1)(ε
∗h311 − εh
3
22),(19)
e2(h
4
12) = −εh
3
22ω34(e1) + 2ε
∗h412ω12(e1).(20)
The rotational surfaces M1(b) and M2(b) defined by (2) and (10) for b = 1, x(u) =
y(u) = f(u) sinhu and z(u) = w(u) = f(u) coshu are also known as Vranceanu rotational
surface, where f(u) is a smooth function, [7].
3 Rotational Surfaces with Zero Mean Curvature
In this section, we determine all rotational surfacesM1(b) andM2(b) defined, respectively,
by (2) and (10) with zero mean curvature.
By considering (6) and (18), a rotational surface M1(b) has zero mean curvature if
and only if the coordinate functions y(u) and w(u) of the profile curve α satisfy the
4
differential equation
(21) w′(u)y′′(u)− y′(u)w′′(u) + (y′
2
(u)− w′
2
(u))
b2y(u)w′(u)− w(u)y′(u)
w2(u)− b2y2(u)
= 0.
Note that y(u) = c0w(u), c
2
0 6= 1, is a solution of differential equation (21) for b = 1, and
it can be shown easily that M1(1) is an open part of a timelike plane in E
4
2. Thus, we
rule out this case.
PROPOSITION 3.1. A non–planar rotational surface M1(b) in E
4
2 defined by (2) for
b = 1 has zero mean curvature if and only if its profile curve is given by
(22) (y(u) + w(u))2 + λ0(w(u)− y(u))
2 = µ0
for some constants λ0 6= 0 and µ0.
PROOF. Assume that M1(1) has zero mean curvature. So, for b = 1 the differential
equation (21) can be written as(
y′(u)
w′(u)
)′
1−
(
y′(u)
w′(u)
)2 +
(
w(u)
y(u)
)′
1−
(
w(u)
y(u)
)2 = 0
from which the first integration gives tanh−1
(
y′(u)
w′(u)
)
+ tanh−1
(
w(u)
y(u)
)
= c for some con-
stant c. Using the logarithmic expression for the inverse hyperbolic tangent function we
get
(y(u) + w(u))(y′(u) + w′(u))± e2c(y(u)− w(u))(y′(u)− w′(u)) = 0.
The solution of this differential equation yields (22) for some constant λ0 = ±e
2c 6= 0
and µ0.
The converse of the proof of the theorem comes from direct computation.
The solution (22) is a quadratic curve. For some suitable values of λ0 and µ0, we have
ellipses or hyperbolas. For instance, if we take λ0 = 1 and µ0 = 2, then from (22) we have
w2(u) + y2(u) = 1, that is, the profile curve α is a part of the unit circle, w2 + y2 = 1.
When we choose y(u) = sin u and w(u) = cosu, we have ε = ε∗ = sgn(cos 2u). Hence,
the surface M1(1) is maximal for |u| <
π
4
, and the parametrization of M1(b) becomes
M1(1) : r1(u, v) = (cosu sinh v, sin u cosh v, sin u sinh v, cosu cosh v)
for u ∈ (−π
4
, π
4
) and v ∈ R. Similarly, we can take y(u) = cosu and w(u) = sin u. In this
case, we have ε = ε∗ = −sgn(cos 2u), and by choosing π
4
< u < 3π
4
, the surface M1(1)
is maximal with positive definite metric, and by choosing |u| < π
4
, M1(1) is a maximal
surface with negative definite metric.
If we take λ0 = −1 and µ0 = 4, then from (22) we get y(u)w(u) = 1, that is, the profile
curve α is the part of the hyperbola, yw = 1. By taking y(u) = u and w(u) =
1
u
, u > 0,
the parametrization of M1(b) is given by
M1(1) : r1(u, v) =
(
sinh v
u
, u cosh v, u sinh v,
cosh v
u
)
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which is regular for 0 < u < 1 or u > 1, and it is timelike with zero mean curvature.
In [7], it was shown that the Vranceanu rotational surface is maximal if f(u) =
a(cosh(2u + c))−1/2, where a and c are constants. Also, for this function f(u), the
component functions y(u) and w(u) satisfy the equation (22).
We assume that the profile curves α and β of M1(b) and M2(b), respectively, are arc
length parametrized, that is, y′2(u)− ω′2(u) = ε and x′2(u)− z′2(u) = ε.
Now, we give the following lemma to obtain the general solution of the differential
equation (21) for b 6= 1:
LEMMA 3.2. Let M1(b) be a non–planar rotational surface in the pseudo–Euclidean
space E42 given by (2) with b 6= 1. Then, M1(b) has zero mean curvature if and only if
the component functions y(u) and w(u) of the unit speed profile curve α of M1(b) satisfy
the differential equation
(23) (b2 − 1)(b2y2(u)w′
2
(u)− w2(u)y′
2
(u)) = a0
for some constant a0 and an open subinterval J ⊂ I on which y
′(u)w′(u) 6= 0.
PROOF. LetM1(b) be a non–planar rotational surface in E
4
2 defined by (2) with b 6= 1
such that the profile curve α of M1(b) is unit speed. Assume that the mean curvature of
M1(b) is zero, i.e., εε
∗h311 = −h
3
22. If y = y0 = constant or w = w0 = constant on an open
subinterval of I, then M1(b) is a planar rotational surface or has no zero mean curvature.
So there is an open subinterval J ⊂ I on which y′(u)w′(u) 6= 0. Using εε∗h311 = −h
3
22 in
the Codazzi equations (19) and (20), we obtain that
(24) e2(h
3
11) = ε
∗h412ω34(e1) + 2ε
∗h311ω12(e1),
(25) e2(h
4
12) = ε
∗h311ω34(e1) + 2ε
∗h412ω12(e1).
From (24) and (25), we get
(26) h311e2(h
3
11)− h
4
12e2(h
4
12) = 2ε
∗
(
(h311)
2 − (h412)
2
)
ω12(e1).
It is clear that (h311)
2 − (h412)
2 = 0 is a solution of (26). In this case, by considering the
first equations in (6) and (7), and b 6= 1, we have (23) for a0 = 0.
On the other hand, if (h311)
2 − (h412)
2 6= 0 on some open subinterval J ⊂ I, by using
(8) and (26) we then obtain that
(27)
e2((h
3
11)
2 − (h412)
2)
4((h311)
2 − (h412)
2)
+
w(u)w′(u)− b2y(u)y′(u)
w2(u)− b2y2(u)
= 0.
By integrating this equation, we get
(28) ((h311)
2 − (h412)
2)(w2(u)− b2y2(u))2 = a0
for some constant a0 6= 0. Hence, using the first equations in (6) and (7), equation (28)
yields (23).
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Conversely, assume that the coordinate functions y(u) and w(u) of the unit speed
profile curve α satisfy the differential equation (23) for some constant a0, and y
′(u)w′(u) 6=
0 on an open subinterval J ⊂ I. From y′2(u)− w′2(u) = ε and (23), we get
(29) y′
2
(u) =
a˜0 + εb
2y2(u)
b2y2(u)− w2(u)
and w′
2
(u) =
a˜0 + εw
2(u)
b2y2(u)− w2(u)
,
where a˜0 =
a0
b2 − 1
. Differentiating equations in (29) with respect to u and using again
(29), we obtain
y′(u)y′′(u) =
εb2y(u)y′(u)
b2y2(u)− w2(u)
− y′
2
(u)
b2y(u)y′(u)− w(u)w′(u)
b2y2(u)− w2(u)
,
w′(u)w′′(u) =
εw(u)w′(u)
b2y2(u)− w2(u)
− w′
2
(u)
b2y(u)y′(u)− w(u)w′(u)
b2y2(u)− w2(u)
·
If we multiply these equations by −w′2(u) and y′2(u), respectively, and add them, we get
(30) y′(u)w′(u)
(
w′(u)y′′(u)− y′(u)w′′(u) + ε
b2y(u)w′(u)− w(u)y′(u)
w2(u)− b2y2(u)
)
= 0
which implies (21) as y′(u)w′(u) 6= 0 on J ⊂ I. Hence, the surface M1(b) has zero mean
curvature.
THEOREM 3.3. Let M1(b) be a non–planar rotational surface in the pseudo–Euclidean
space E42 defined by (2) with b 6= 1. Then, M1(b) has zero mean curvature if and only if
the component functions y(u) and w(u) of the unit speed profile curve α of M1(b) satisfy
one of the following regular curves:
i. For εε∗ = 1,
(31) sin−1
(
w(u)
µ0
)
= ±
1
b
sin−1
(
by(u)
µ0
)
+ c0, µ0 =
√
ε∗a0
1− b2
,
where a0 6= 0 and c0 are constants such that
ε∗a0
1− b2
> 0. In this case, the surface
M1(b) is spacelike with positive or negative definite metric.
ii. For εε∗ = −1,
(32)(
w(u) +
√
w2(u)− µ20
)±b
= d0
(
by(u) +
√
b2y2(u)− µ20
)
, µ0 =
√
ε∗a0
b2 − 1
,
where a0 and d0 6= 0 are constants. If a0 = 0, then y(u) = b0(w(u))
±b, where b0 is
non–zero constant. In this case, the surface M1(b) is timelike.
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PROOF. Let M1(b) be a non–planar rotational surface in the pseudo–Euclidean space
E
4
2 given by (2) with b 6= 1 and zero mean curvature. Then, Lemma 3.2 implies that
the coordinate functions y(u) and w(u) of the unit speed profile curve α of M1(b) on an
open subinterval of I on which y′(u)w′(u) 6= 0 satisfy (23) for some constant a0. Using
y′2(u)− w′2(u) = ε and (23), we have (29) from which we get
(33)
√
−ε∗(a˜0 + εb2y2(u)) w
′(u) = ±
√
−ε∗(a˜0 + εw2(u)) y
′(u),
where a˜0 =
a0
b2−1
. It has a solution according to ε∗ε = 1 or ε∗ε = −1.
Case 1 : εε∗ = 1 and a0 6= 0. Then, equation (33) becomes
(34)
dw√
−w2(u)− ε∗a˜0
= ±
dy√
−b2y2(u)− ε∗a˜0
.
If ε∗a˜0 = µ
2
0 > 0, then −(w
2(u) + µ20) < 0 and −(b
2y2(u) + µ20) < 0, and thus there is no
solution of (34). Let ε∗a˜0 = −µ
2
0 < 0, that is, µ
2
0 =
ε∗a0
1−b2
> 0. The solution of equation
(34) is given by
sin−1
(
w(u)
µ0
)
= ±
1
b
sin−1
(
by(u)
µ0
)
+ c0
for some constant c0. In this case, the surface M1(b) is spacelike with positive or negative
definite metric.
Case 2 : εε∗ = −1. Then, equation (33) becomes
(35)
dw√
w2(u)− ε∗a˜0
= ±
dy√
b2y2(u)− ε∗a˜0
.
For ε∗a˜0 = µ
2
0 > 0, the general solution of (35) is given by(
w(u) +
√
w2(u)− µ20
)±b
= d0
(
by(u) +
√
b2y2(u)− µ20
)
,
where d0 is a non–zero constant. By a similar calculation, we can have (32) for ε
∗a˜0 =
−µ20 < 0. In this case, M1(b) is a timelike surface.
Conversely, let M1(b) be a rotational surface given by (2) whose profile curve α is
given by one of the regular curves (31) and (32). Suppose that the component functions
of the profile curve α satisfy (31). By differentiating (31) with respect to u, we obtain (34)
which yields y′(u)w′(u) 6= 0 on the interval I since α is regular. From y′2(u)−w′2(u) = ε
and (34), we get
y′
2
(u) =
a˜0 + εb
2y2(u)
b2y2(u)− w2(u)
and w′
2
(u) =
a˜0 + εw
2(u)
b2y2(u)− w2(u)
which satisfy (23). By a similar argument, it can be shown that the regular curve given
by (32) satisfies (23). Thus, by Lemma 3.2, the rotational surface M1(b) has zero mean
curvature in the pseudo–Euclidean space E42.
Now we will give some examples of rotational surfaces with zero mean curvature whose
profile curve α given by (31) or (32).
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EXAMPLE 3.1. For ε = ε∗ = 1, if we choose a0 =
3
4
, b = 1
2
and c0 = 0, then from (31)
we obtain sin−1(w(u)) = 2 sin−1
(
y(u)
2
)
. When we take y(u) = 2 sin u, then we have
w(u) = sin(2u). Thus, the parametrization of the surface M1(b) becomes
M1(1/2) : r1(u, v) =
(
sin(2u) sinh v, 2 sinu cosh
(v
2
)
, 2 sinu sinh
(v
2
)
, sin(2u) cosh v
)
which is a maximal surface with positive definite metric for 0 < u < π
4
and v ∈ R.
EXAMPLE 3.2. For ε = −ε∗ = 1, if we choose a0 = −3, b = 2 and d0 = 1, then from
(32) we can take the component functions of the profile curve α as y(u) = 1
2
cosh(2u) and
w(u) = cosh u. Then, the parametrization of M1(b) becomes
M1(2) : r1(u, v) =
(
cosh u sinh v,
1
2
cosh(2u) cosh(2v),
1
2
cosh(2u) sinh(2v), cosh u cosh v
)
which is a timelike surface with zero mean curvature in E42 for u > 0 and v ∈ R.
EXAMPLE 3.3. If we choose b0 = 1 and b = 2, we have y(u) = (w(u))
2 from the equa-
tion (32) for constant a0 = 0. Let y(u) = u
2 and w(u) = u, u > 0 be the parametrization
of y = w2. Thus, the parametrization of the surface M1(b) is given by
M1(2) : r1(u, v) =
(
u sinh v, u2 cosh(2v), u2 sinh(2v), u cosh v
)
which is a timelike surface with zero mean curvature for 0 < u < 1
2
or u > 1
2
, and v ∈ R.
By a similar way, we study the rotational surface M2(b) given by (10) with zero mean
curvature. Considering (14) and (18), a rotational surfaceM2(b) has zero mean curvature
if and only if the coordinate functions x(u) and z(u) of the profile curve β satisfy the
differential equation
(36) z′(u)x′′(u)− x′(u)z′′(u) + (x′
2
(u)− z′
2
(u))
b2z(u)x′(u)− x(u)z′(u)
x2(u)− b2z2(u)
= 0.
Note that x(u) = cz(u), c2 6= 1, is a solution of differential equation (36) for b = 1. But
in this case it can be shown easily that M2(1) is an open part of a spacelike plane in E
4
2.
Thus, we rule out this case.
We state the following proposition for the solution of (36) without proof because its
proof is similar to the proof of Proposition 3.1.
PROPOSITION 3.4. A non–planar rotational surface M2(b) in E
4
2 defined by (10) for
b = 1 has zero mean curvature if and only if its profile curve is given by
(37) (x(u) + z(u))2 + λ0(x(u)− z(u))
2 = µ0
for some constants λ0 6= 0 and µ0.
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The solution (37) is a quadratic curve. For some suitable values of λ0 and µ0, we
have ellipses or hyperbolas. For instance, if we take λ0 = 1 and µ0 = 2, then we have
x2(u) + z2(u) = 1 from (37), that is, the profile curve β is a part of the unit circle,
x2 + z2 = 1. When we choose x(u) = cos u and z(u) = sin u, we have ε∗ = −ε =
sgn(cos 2u). Hence, the surface M2(1) is timelike in E
4
2, and its parametrization is given
by
M2(1) : r2(u, v) = (cosu cos v, cosu sin v, sin u cos v, sin u sin v)
for u ∈ (−π
4
, π
4
) and v ∈ (0, 2pi). Similarly, if we can take x(u) = sin u and z(u) = cosu,
then the surface M2(1) is again timelike with zero mean curvature for |u| <
π
4
.
If we take λ0 = −1 and µ0 = 4, then from (37) we get x(u)z(u) = 1, that is, the profile
curve β is the part of the hyperbola xz = 1. By taking x(u) = u and z(u) =
1
u
, u > 0,
the parametrization of M2(b) is given by
M2(1) : r2(u, v) =
(
u cos v, u sin v,
cos v
u
,
sin v
u
)
which is maximal with positive or negative definite metric according to u> 1 or 0 < u < 1,
respectively.
In [7], it was shown that the Vranceanu rotational surface has zero mean curvature if
f(u) = a(cosh(2u+c))−1/2, where a and c are constants and it is timelike with zero mean
curvature. Also, for this function f(u), the component functions x(u) and z(u) satisfies
the equation (37).
The formulas for M1(b) such as second fundamental form and differential equation
of zero mean curvature are valid for M2(b) if we replace y(u) and w(u) with z(u) and
x(u), respectively. For that replacement only the sign of x′2(u)− z′2(u) changes, that is,
y′2(u)− w′2(u) = ε turns to be x′2(u)− z′2(u) = −ε.
Thus, we give the following lemma and theorem without proof because their proofs
are similar to the proof of Lemma 3.2 and Theorem 3.3.
LEMMA 3.5. Let M2(b) be a non–planar rotational surface in the pseudo–Euclidean
space E42 given by (10) with b 6= 1. Then, M2(b) has zero mean curvature if and only if
the coordinate functions x(u) and z(u) of the unit speed profile curve β of M2(b) satisfy
the differential equation
(38) (b2 − 1)(b2z2(u)x′
2
(u)− x2(u)z′
2
(u)) = a¯0
for some constant a¯0 and an open interval J ⊂ I on which x
′(u)z′(u) 6= 0.
THEOREM 3.6. Let M2(b) be a non–planar rotational surface in the pseudo-Euclidean
space E42 given by (10) with b 6= 1. Then, M2(b) has zero mean curvature if and only if
the coordinate functions x(u) and z(u) of the unit speed profile curve β of M2(b) satisfy
one of the following regular curves:
i. For εε∗ = 1,
(39)(
x(u) +
√
x2(u)− µ¯20
)±b
= c¯0
(
bz(u) +
√
b2z2(u)− µ¯20
)
, µ¯0 =
√
ε∗a¯0
b2 − 1
,
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where a¯0 and c¯0 6= 0 are constants. If a¯0 = 0, then z(u) = b¯0(x(u))
±b where b¯0
is non–zero constant. In this case, the surface M2(b) is spacelike with positive or
negative definite metric.
ii. For εε∗ = −1,
(40) sin−1
(
x(u)
µ¯0
)
= ±
1
b
sin−1
(
bz(u)
µ¯0
)
+ d¯0, µ¯0 =
√
ε∗a¯0
1− b2
,
where a¯0 6= 0 and d¯0 are constants such that
ε∗a¯0
1− b2
> 0. In this case, the surface
M2(b) is timelike.
Now, we will give some parametrization for the rotational surface M2(b) whose the
profile curve β is given by (39) or (40).
EXAMPLE 3.4. For ε = ε∗ = 1, if we choose a¯0 = 3, b = 2 and c¯0 = e, then from
(39) we can take the component functions of the profile curve β as x(u) = cosh u and
z(u) = 1
2
cosh(2u− 1). Then, the rotational surface M2(b) defined by
M2(2) : r2(u, v) =
(
cosh u cos v, cosh u sin v,
1
2
cosh(2u− 1) cos(2v),
1
2
cosh(2u− 1) sin(2v)
)
is maximal in E42 for 0 < u < 1 and v ∈ (0, 2pi).
EXAMPLE 3.5. If we choose b¯0 = 1 and b = 2, we have z(u) = (x(u))
2 from the equa-
tion (39) for constant a¯0 = 0. Let x(u) = u and z(u) = u
2, u > 0 be the parametrization
of z = x2. Thus, the parametrization of M2(b) is given by
M2(2) : r2(u, v) =
(
u cos v, u sin v, u2 cos(2v), u2 sin(2v)
)
which is a maximal surface with positive or negative definite metric, respectively, for
0 < u < 1
2
or u > 1
2
.
EXAMPLE 3.6. For ε = −ε∗ = 1, if we choose a¯0 = −
3
4
, b = 1
2
and d¯0 = −
π
4
, then from
(40) we obtain that sin−1(x(u)) = 2 sin−1
(
z(u)
2
)
−
pi
4
. When we take z(u) = 2 sinu,
then we have x(u) = sin(2u− π
4
). Thus, the parametrization of M2(b) becomes
M2(1/2) : r2(u, v) =
(
sin
(
2u−
pi
4
)
cos v, sin
(
2u−
pi
4
)
sin v, 2 sinu cos
(v
2
)
, 2 sinu sin
(v
2
))
which is a timelike surface with zero mean curvature for π
8
< u < π
4
and v ∈ (0, 2pi).
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